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Abstract. We describe the fundamental quandle of a properly embedded sur-
face F (possibly with boundary) in R3 × I, and derive its presentation in terms
of a motion picture diagram or a CH-diagram of F. Our study is based on
the topological definition of the fundamental quandle. We prove that a rib-
bon concordance C from a classical knot K1 to K0 gives rise to an injective
quandle homomorphism Q(K0) → Q(C) and a surjective quandle homomorph-
ism Q(K1) → Q(C).

1. Introduction

Quandles are algebraic structures whose axioms are designed to mimic the
Reidemeister moves between classical link diagrams. Introduced by David Joyce
in 1982 [Joy82], the fundamental quandle provides an almost complete invariant
of classical knots. From the turn of the century onwards, our knowledge about
the algebra of quandles and their numerous applications in knot theory has
progressed rapidly, resulting in a myriad of powerful computable invariants.

The fundamental quandle of a properly embedded codimension 2 submani-
fold of a connected manifold was topologically defined in [Joy82] and [FR92].
Quandle and biquandle cocycle invariants of closed embedded surfaces in the
4-space have been studied by several authors, see for example [CKS01]. These
methods are usually based on some diagram-based algebra without a clear con-
nection with the topological definition. In this paper, we try to fill this gap of
reasoning by explaining the relationship between the fundamental quandle of
an embedded surface F with boundary and the fundamental quandles of its
boundary components. We construct a presentation of Q(F) from a motion pic-
ture diagram of F. Our procedure also gives a presentation of Q(F) from a
CH-diagram or similar (e.g. banded link) diagram. Using our construction for a
ribbon concordance between two classical knots, we prove a quandle analogue
of Gordon’s lemma about the knot groups of two ribbon concordant knots:

Lemma 1.1 ([Gor81]). If C is a ribbon concordance from K1 to K0, then π1(K1) →
π1(C) is surjective and π1(K0) → π1(C) is injective.

This gives us the main result of this paper.
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Theorem 1.2. Let C ⊂ S3 × I be a ribbon concordance from a knot K1 to a knot K0,
where Ki ∈ S3 × {i}. Then the induced quandle homomorphism Q(K0) → Q(C) is
injective, and Q(K1) → Q(C) is surjective.

We conclude the paper with a brief discussion on possible applications and
future research directions.

The paper is organized as follows. In Section 2, we review the basics on
quandles and their presentations, recall the topological definition of the funda-
mental quandle of a codimension 2 submanifold and the definition of a ribbon
concordance. In Section 3, we discuss fundamental quandles of embedded sur-
faces. Subsection 3.1, gives a procedure to obtain the presentation of the funda-
mental quandle of a properly embedded surface in R4 from its motion picture
diagram or a CH-diagram. Subsection 3.2 then deals with the special case of
ribbon concordances, proving theorem 1.2 and ending in a discussion of the
results.

2. Preliminaries

2.1. Quandles.

Definition 2.1. A quandle is a set Q with a binary operation ▷ : Q × Q → Q that
satisfies the following axioms:

(1) x ▷ x = x,
(2) the map Ry : Q → Q, given by Ry(x) = x ▷ y, is a bijection, and
(3) (x ▷ y) ▷ z = (x ▷ z) ▷ (y ▷ z)

for every x, y, z ∈ Q.

The second axiom is equivalent to an existence of a second operation defined
by x ◁ y = R−1

y (x), such that (x ▷ y) ◁ y = x = (x ◁ y) ▷ y for every x, y ∈ Q. A
quandle homomorphism is a function between two quandles f : (Q1, ▷1) → (Q2, ▷2)
that satisfies the equalities f (x ▷1 y) = f (x) ▷2 f (y) and f (x ◁1 y) = f (x) ◁2 f (x)
for every x, y ∈ Q1.

Example 2.2 (Conjugation quandle). In any group G, the operation of conjuga-
tion a ▷ b := b−1ab defines a quandle, denoted by conj(G), with a ◁ b = bab−1.

Definition 2.3. Let Q be a set with a binary operation ▷ : Q × Q → Q. An
equivalence relation ∼ on Q is called a ▷-congruence if a ∼ b ∧ c ∼ d implies
a ▷ c ∼ b ▷ d for every a, b, c, d ∈ Q.

Observe that the induced operation ▷ on the quotient Q/∼, given by [a] ▷ [b] =
[a ▷ b], is well-defined iff ∼ is a ▷-congruence. If (Q, ▷) is a quandle and ∼ is
a ▷-congruence and a ◁-congruence, then (Q/∼, ▷) is also a quandle. Note that
both congruence conditions are necessary for a rigorous definition [BT25].
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Let S be a set and denote by F(S) the free group over S. Define operations
▷ and ◁ on S × F(S) by (a, w) ▷ (b, z) = (a, wzbz) and (a, w) ◁ (b, z) = (a, wzbz).
Let an equivalence relation ∼Q on the product S × F(S) be given by

(a, w1) ∼Q (b, w2) ⇔ a = b ∧ w2 = akw1 for some k ∈ Z .

We will denote the quotient set (S× F(S))/∼Q by QS. Define an inclusion ι : S →
QS by ι(a) = [a, 1].

Lemma 2.4. The above relation ∼Q is the smallest ▷-congruence and ◁-congruence on
S× F(S) for which the quotient set (S× F(S))/∼Q with induced operation is a quandle.
For any group G and any map f : S → G, there exists a unique quandle homomorphism
f : QS → conj(G) with f ◦ ι = f .

Proof. Suppose that (a, w1) ∼Q (a, w2) and (b, v1) ∼Q (b, v2) in S × F(S). It fol-
lows that w2 = akw1 and v2 = blv1 for some k, l ∈ Z, thus (a, wi) ▷ (b, vi) =
(a, wivibvi) and w2v2bv2 = akw1v1bv1. Therefore, ∼Q is a ▷-congruence and the
operation ▷ is well-defined on the equivalence classes. Similarly, ∼Q is a ◁-
congruence and ◁ is well-defined on the equivalence classes. For the remainder
of the proof, we slightly abuse notation and perform all computations on rep-
resentatives of the equivalence classes.

To verify that QS is a quandle, first observe that

((a, w) ▷ (b, z)) ◁ (b, z) = (a, wzbz) ◁ (b, z) = (a, wzbzzbz) = (a, w)

and that, likewise, ((a, w) ◁ (b, z)) ▷ (b, z) = (a, w), showing that the quandle
axiom (2) holds. Another computation

((a, w) ▷ (c, z)) ▷ ((b, v) ▷ (c, z)) = (a, wzcz) ▷ (b, vzcz) = (a, wzczzczvbvzcz) =
= (a, wvbvzcz) = ((a, w) ▷ (b, v)) ▷ (c, z)

takes care of the quandle axiom (3). For the quandle axiom (1), compute

(a, w) ▷ (a, w) = (a, wwaw) = (a, aw) ∼Q (a, w)

and observe that a quotient (S × F(S))/∼ is a quandle exactly when the congru-
ence ∼ contains ∼Q.

To verify the second claim of the Lemma, let f be any map from the set S to
a group G and denote by f̂ : F(S) → G its extension to the free group over S.
Suppose f : QS → conj(G) is a quandle homomorphism with f ◦ ι = f . Then we
have f (a, 1) = f (a) and

f ((a, w) ▷ (b, z)) = f (a, wzbz)

f (a, w) ▷ f (b, z) = f (b, z)−1 f (a, w) f (b, z)

Identifying both expressions for w = z = 1 yields f (a, b) = f (b)−1 f (a) f (b), and
by extending this over QS, we obtain f (a, w) = f̂ (waw). □
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Definition 2.5. The quandle QS = (S × F(S))/∼Q is called the free quandle over
the set S.

The importance of the free quandle comes from the fact that it allows us to
define presentations of quandles.

Definition 2.6. Let Q be a quandle. A presentation ⟨X | R⟩ for Q, where X is a
set and R ⊂ QX × QX, is an isomorphism between Q and the quotient quandle
QX/∼R, where ∼R is the smallest congruence on QX containing R. To simplify
notations, we will often write x = y instead of (x, y) ∈ R and ⟨x1, . . . , xm |
r1, . . . , rn⟩ instead of ⟨{x1, . . . , xm} | {r1, . . . , rn}⟩. The cardinality of the smallest
subset S ⊂ Q such that ⟨S⟩ = Q is called the rank of Q and is denoted by rk(Q).

Let us recall also the definition of the fundamental quandle of a codimension
2 submanifold of a topological manifold. From now on, we will denote by I the
standard interval [0, 1].

Definition 2.7 ([FR92]). Let L ⊂ M be a properly embedded codimension 2
submanifold of a connected manifold M. Assume that L is transversely oriented
in M, denote by NL the normal disk bundle and by EL = cl(M − NL) its exterior.
Choose a basepoint z ∈ EL. Define

ΓL :=
C((I, {0}, {1}) → (EL, ∂NL, {z}))

homotopy
,

the space of (continuous) paths from ∂NL to z modulo homotopies fixing the
endpoint z and allowing the initial point to wander freely along ∂NL. For any
point p ∈ ∂NL, denote by mp the loop in ∂NL based at p, which follows around
the meridian of L in the positive direction. The fundamental quandle Q(L) of L is
the set ΓL together with operation

[α] ▷ [β] := [α · β · mβ(0) · β] ,

where β denotes the reversal of the path β and · denotes the concatenation of
paths.

Different choices of basepoints give rise to isomorphic quandles. It is clear
from the definition that the fundamental quandle is an invariant up to ambient
isotopy.

Example 2.8 (Fundamental quandle of a link). A presentation of the fundamental
quandle of a link L in S3 may be obtained from any diagram of L; namely, every
arc of the diagram corresponds to a generator and every crossing gives a crossing
relation (see Figure 1).
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x

y x ▷ y

x

yx ◁ y

Figure 1. The quandle crossing relations

2.2. Ribbon concordances. The study of knot concordances represents a bridge
between the classical knot theory and 4-manifold topology.

Definition 2.9. A concordance between two knots K0 and K1 is the image of a
smooth embedding f : (S1 × I, S1 ×{0}, S1 ×{1}) → (S3 × I, K0 ×{0}, K1 ×{1}).
The embedded annulus associated with a concordance will be denoted by C =
f (S1 × I) ⊂ S3 × I. We may assume that the projection S3 × I → I restricted
to C is a Morse function, and if it has only critical points of index 0 and 1, C is
called a ribbon concordance from K1 to K0. A knot K is called ribbon if there exists
a ribbon concordance from K to the unknot.

It is clear that concordance gives an equivalence relation on the set of all knots
in the 3-sphere. Ribbon concordance of knots, however, is not symmetric. In
his seminal paper [Gor81], Gordon introduced notation K1 ≥ K0 if there exists
a ribbon concordance from K1 to K0, and conjectured relation ≥ gives a partial
order on the set of all knots, which was confirmed forty years later in [Ago22].

3. The concordance quandle

3.1. Fundamental quandle of an embedded surface. Knotted surfaces in the 4-
space have been studied via several diagrammatic theories [CK98; CKS04]. One
of them, introduced by Roseman [Ros98], represents a generic projection of an
embedded surface into R3. The fundamental quandle of a closed knotted surface
given by this presentation was described in [CKS01]. Since we will be interested
in the fundamental quandle of a surface with boundary and would like to relate
it with the fundamental quandles of its boundary components, a motion picture
diagram of a knotted surface will suit our purposes better. We will describe the
presentation of the fundamental quandle, based on its motion picture. This will
imply a procedure to obtain a presentation of the fundamental quandle from the
banded unlink diagrams or CH-diagrams, introduced by Lomonaco [Lom81]
and further developed by Yoshikawa [Yos94].

Let F ⊂ R4 be a compact orientable surface. Viewing R4 as the product
R3 × R, denote by π : R4 → R the projection to the last coordinate. F may be
isotoped into such position that

(1) every boundary component of F is contained in a single fibre of π,
(2) π restricts to a Morse function on F.
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Every regular fibre of π then intersects F in a link, and by drawing the dia-
grams of subsequent regular fibres we obtain a motion picture diagram of the
embedded surface. Observe that a finite sequence of stills (classical link dia-
grams) M = (D1,D2, . . . ,Dn) is sufficient to fully describe the embedding of
F. Figure 2 shows the possible local transformations between two subsequent
stills of the motion picture beside plane isotopy. The first three transformations
correspond to the passage over a critical point of the Morse function π. At a
critical point of index 0, a 0-handle is added to F, which gives birth to a new
circle in its boundary link (transformation (i)). A critical point of index 1 cor-
responds to a saddle of F where a 1-handle is added, changing the boundary
link by connecting two arcs along a band (transformation (ii)). A critical point of
index 2 corresponds to addition of a 2-handle along an unknotted link compon-
ent, causing its death (transformation (iii)). The local transformations (iv)-(vi)
correspond to the Reidemeister moves of the boundary link. Transformation
(vii) corresponds to the addition of a component of ∂F (that may be knotted),
while transformation (viii) corresponds to the ending of F in a (possibly knotted)
component of ∂F.

(i) (ii) (iii) (iv) (v) (vi) (vii)

K

(viii)

K

Figure 2. Motion picture transformations

Lemma 3.1. Let L be a link in a 3-manifold M. Consider L × I as a properly embedded
surface in M× I. The inclusion of pairs (M×{0}, L×{0}) → (M× I, L× I) induces
an isomorphism of the fundamental quandles Q(L) and Q(L × I).

Proof. We identify (M, L) with (M × {0}, L × {0}) and thus regard it as a subset
of (M × I, L × I). Let NL and NL×I be normal disk bundles of L (in M) and
L × I (in M × I), respectively, and let EL = cl(M − NL) and EL×I = cl(M ×
I − NL×I). Choose a basepoint z ∈ EL ⊂ EL×I that defines the fundamental
quandles Q(L) and Q(L × I) (other choices of basepoint give rise to isomorphic
quandles). Every path from ∂NL to z is also a path from ∂NL×I to z, and every
homotopy identifying two representatives of an element of Q(L) identifies these
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representatives in Q(L× I), giving us a well-defined mapping ι : Q(L) → Q(L×
I). It follows directly from the definition that ι is a quandle homomorphism.

Suppose α and β are two paths representing elements of Q(L) such that
ι([α]) = ι([β]), meaning that there exists a homotopy H : I × I → EL×I ⊂ M × I
between α and β with H({0} × I) ⊂ ∂NL×I and H({1} × I) = {z}. Let H(t, s) =
(HM(t, s), HI(t, s)). Then H̄ : I × I → EL, defined by H̄(t, s) = (HM(t, s), 0), is a
homotopy between α and β in EL with H̄({0}× I) ⊂ ∂NL and H̄({0}× I) = {z}.
Therefore, α and β represent the same element of Q(L), showing that ι is inject-
ive.

For a path γ(t) = (γM(t), γI(t)) ⊂ EL×I ⊂ M × I, representing an element
of Q(L × I), we can define a homotopy Hγ : I × I → EL×I from γ to a path
representing an element in Q(L) by Hγ(t, s) = (γM(t), (1 − s)γI(t)), showing
that ι is surjective and thus an isomorphism. □

Suppose an embedded surface F ⊂ R4 is given by a motion picture diagram
M = (D1,D2, . . . ,Dn). The motion picture M captures the diagrams of the
regular fibres π−1(t1), π−1(t2), . . . , π−1(tn) of the Morse function π|F : F → R.
If a neighbourhood (a, b) of the regular value ti contains no critical values, then
π−1(a, b) ∩ F ∼= Li × I, where Li is the link in R3 given by the diagram Di. By
Lemma 3.1, the fundamental quandle of π−1(a, b) ∩ F may then be given by the
presentation ⟨Xi | Ri⟩ of the classical link quandle Q(Li), which has a generator
for every arc of Di and a crossing relation for every crossing of Di.

A presentation of the fundamental quandle Q(F) is then obtained from M by
the following procedure:

(1) We start by the presentation ⟨X1 | R1⟩ of the fundamental quandle of the
link L1, represented by the first non-empty motion picture diagram.

(2) At every transformation of type (i), the presentation ⟨X | R⟩ transforms
to ⟨X ⊔ {x} | R⟩. The new generator x represents the homotopy class
of a path from the torus neighbourhood of the newborn circle to the
basepoint.

(3) At every transformation of type (ii), the added 1-handle allows a homo-
topy between the generators a and b, corresponding to the two arcs on the
upper picture. A presentation ⟨X | R⟩ thus transforms to ⟨X | R ⊔ {a =
b}⟩.

(4) At a type (iii) transformation, the generator of the fundamental quandle
of the dying circle becomes the generator of the fundamental quandle of
the whole disc (the 2-handle of F), which does not affect the presentation.

(5) Type (iv), (v) and (vi) transformations do not affect the presentation, as
the surface between two links connected by any of these moves is ambient
isotopic to a product of one of the links and an interval.

(6) At a type (vii) transformation, the presentation ⟨X | R⟩ transforms to
⟨X ⊔ XK | R ⊔ RK⟩, where ⟨XK | RK⟩ denotes the presentation of the
fundamental quandle Q(K).
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(7) A type (viii) transformation does not affect the presentation.
(8) Once we have applied the above rules to every transformation Di → Di+1

for i = 1, 2, . . . , n − 1, we obtain a presentation for the fundamental
quandle Q(F).

It is a well-known fact that two motion picture diagrams represent ambient
isotopic surfaces exactly when they are related by a finite sequence of movie
moves and interchanges of levels of distant critical points. One can easily check
that the result of the above construction is well-defined up to isomorphism with
respect to these changes.

The information given by a motion picture diagram of an embedded surface
may under certain conditions be given in a more compact form, replacing the
whole motion picture by a single picture. This idea was first proposed by Fox,
and later elaborated by Lomonaco [Lom81] and Yoshikawa [Yos94].

Definition 3.2. A Morse function π : R4 → R is called a hyperbolic splitting of an
embedded surface F ⊂ R4 if it satisfies the following conditions:

(1) πF is also Morse,
(2) all minima of πF occur in the level π−1(−1),
(3) all maxima of πF occur in the level π−1(1),
(4) all hyperbolic points of πF occur in the level π−1(0).

Every embedded surface in R4 admits a hyperbolic splitting [Lom81]. We
denote by Ft = F ∩ π−1(t) the t-section of the knotted surface, induced by π,
and similarly denote R4

t = π−1(t).
A hyperbolic splitting π of a knotted surface F may be presented by a marked

graph diagram. By Definition 3.2, the 0-section F0 defines an embedded 4-valent
graph, with vertices corresponding to critical points of index 1 of the Morse func-
tion πF. A planar diagram of F0 ⊂ R4

0 has two kinds of vertices: beside crossing
vertices, this diagram contains vertices corresponding to saddles, endowed with
markers. A marker at a vertex determines the corresponding resolutions below
and above the critical point, see Figure 3. We call this diagram a marked graph
diagram or a CH-diagram of F with the hyperbolic splitting π. Observe that if F
is closed, then for a small ε > 0 the sections F−ε and Fε are both unlinks.

F−ε F0 Fε

Figure 3. The resolutions of a marker below (left) and above the
critical point (right)
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Corollary 3.3. Let D be a marked graph diagram of an embedded surface F ⊂ R4 with
m markers. Denote by D− the diagram of the link F−ε, obtained by the lower resolution
of D at all markers, and let ⟨XD− | RD−⟩ be the presentation of its fundamental quandle,
given by D−. Let xi and yi denote the two arcs of D− that meet at the i-th marker of D.
Then the fundamental quandle Q(F) has a presentation〈

XD− | RD− ⊔ ∪m
i=1{xi = yi}

〉
.(3.1)

Proof. The marked graph diagram corresponds to a hyperbolic splitting of the
embedded surface F. Applying the procedure on page 7 to the motion picture
of this hyperbolic splitting, we obtain the presentation (3.1). □

3.2. Fundamental quandle of a ribbon concordance. A ribbon concordance
from the knot K1 to K0 is an embedded annulus C ⊂ S3 × I with two knot-
ted boundary components Ki = C ∩

(
S3 × {i}

)
, whose projection to I is a Morse

function without critical points of index 2. Since the Euler characteristic of C
is trivial, the number of 0-handles equals the number of 1-handles. Any ribbon
concordance can thus be represented by a series of ribbon concordances between
intermediate knots which have a single 0-handle, which births a new component,
and a single 1-handle, which connects the newborn component to the preceding
intermediate knot. This gives us an inductive approach to dealing with ribbon
concordances, having to account for at most one 0-handle and 1-handle pair at a
time.

We restate the main theorem of this paper, analogous to lemma 1.1.

Theorem 1.2. Let C ⊂ S3 × I be a ribbon concordance from a knot K1 to a knot
K0, where Ki ∈ S3 × {i}. Then the induced quandle homomorphism Q(K0) →
Q(C) is injective, and Q(K1) → Q(C) is surjective.

To prove the theorem, we will need the following lemma.

Lemma 3.4. Let C0 ⊂ S3 × [−1, 0] be a ribbon concordance from a knot K0 to a knot
K−1, and let C1 ⊂ S3 × [0, 1] be a ribbon concordance from a knot K1 to knot K0, where
Ki ∈ S3 × {i}. Assume the projection of C0 and C1 to [−1, 1] is a Morse function and
that the projection of C1 to [0, 1] has a single critical point of index 0 and a single critical
point of index 1. Let C = C0 ∪ C1 be a ribbon concordance from knot K1 to knot K−1.
Then the quandle homomorphism ι : Q(C0) → Q(C), induced by inclusion, is injective.

Proof. We begin by establishing some notation. We may assume that the ribbon
concordance C1 ends at the exact moment when the 1-handle has been attached
(it doesn’t meaningfully change after that). Then C1 consists of a part that is
ambient isotopic to K0 × I (so that is what we will call it and regard it as), a
disk D and a band B, connecting K0 × I to D (see Figure 4 for an example).
Define normal disk bundles NC0 ⊂ S3 × [−1, 0] and NC ⊂ S3 × [−1, 1] about C0
and C, respectively, along with their respective exteriors EC0 ⊂ S3 × [−1, 0] and
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EC ⊂ S3 × [−1, 1]. Notice NC0 ⊂ NC and EC0 ⊂ EC. Lastly, choose a basepoint
z ∈ EC0 for which we define fundamental quandles Q(C0) and Q(C).

We can regard both disk D and band B as the product I × I. For clarity’s sake
we write D = ID × ID and B = IB × IB, where B is attached to some arc of K0 × 1
along IB × {0}, and is attached to ID × {0} ⊂ D along IB × {1} in the natural
way. We have a series of strong deformation retractions

C1 = (K0 × I) ∪ B ∪ D
ID×ID

⇝ ID×{0}−→ (K0 × I) ∪ B
IB×IB
⇝ IB×{0}−→ K0 × I

K0×I⇝ K0×{0}−→ K0

which, in turn, give us a strong deformation retraction R : NC × I → NC0 .
Since multiple copies of the interval I with distinct meanings will appear from

now on, we index them by the variable we use for them; t for It, s for Is and r
for Ir. Let [α], [β] ∈ Q(C0) be such that ι([α]) = ι([β]) ∈ Q(C). By definition,
α and β are paths (It, {0}t, {1}t) → (EC0 , ∂NC0 , {z}), and we have a homotopy
H : It × Is → EC such that H(t, 0) = α(t), H(t, 1) = β(t), H(0, s) ∈ ∂NC and
H(1, s) = z. Fixing t = 0, H(0, s) defines a path in ∂NC from α(0) to β(0).
The retraction R : NC × Ir → NC0 then defines a homotopy H̃0 : {0}t × Is × Ir →
∂NC ⊂ EC, where H̃0(0, s, 0) = H(0, s) and H̃0(0, s, 1) is some path in ∂NC0 from
α(0) to β(0). Note that, a priori, the retraction R need not map H(0, s) entirely
to ∂NC for every r; it may happen that R(H(0, s), r) ∈ int(NC) for some s and
r! It is clear from the relatively simple definition of R that this happens exactly
when H(0, s) moves over a part of ∂NC defined by the boundary of the disk
bundle of some point in (0, 1)D × {1}D. To avoid this, we can compose R with a
homotopy that first moves H(0, s) along ∂NC into a favourable position (outside
the disk bundles of points in (0, 1)D × {1}D) where this doesn’t happen, thus
obtaining H̃0 as desired (see figure 5). Define also H̃0(1, s, r) = z. Now, since
(It × Is, {0, 1}t × Is) is a CW-pair, it has the homotopy extension property. Thus,
the homotopy H̃0 can be extended to a homotopy H̃ : It × Is × Ir → EC such
that H̃(0, s, r) = H̃0(0, s, r) ∈ ∂NC, H̃(1, s, r) = Ĥ0(1, s, r) = z and H̃(t, s, 0) =
H(t, s). As such, H̃(t, s, 1) is then a homotopy in EC between α and β such that
H̃(0, s, 1) ⊂ ∂NC0 and H̃(1, s, 1) = z. Projecting H̃(t, s, 1) onto EC0 then gives us
the desired homotopy between α and β, showing that [α] = [β] as elements of
Q(C0). □

We can now prove the theorem.

Proof of theorem 1.2. The projection of C to I is a Morse function. Since the Euler
characteristic of C is trivial (C is an annulus), the number of 0-handles equals the
number of 1-handles. By Morse theory, we can assume that the k critical points
of index 0 are mapped to values

1
2k + 1

,
3

2k + 1
, . . . ,

2i − 1
2k + 1

, . . . ,
2k − 1
2k + 1

,
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K0

K0 × I

K1

B

D
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Figure 4. Example of a ribbon concordance with one critical point
of index 0 and 1 each.
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Figure 5. Fixing H(0, s) so that it doesn’t pass NC((0, 1)D × {1}D).

while the k critical points of index 1 are mapped to values

2
2k + 1

,
4

2k + 1
, . . . ,

2i
2k + 1

, . . . ,
2k

2k + 1
.

Identifying S3\{∗} with R3, we can define the motion picture diagram

M = {D0,D1, . . . ,Di, . . . ,D2k,D2k+1} ,

where the diagram Di represents the link Ki := C ∩ (S3 × { i+ε
2k+1}) for i ∈

{1, . . . , 2k}, 0 < ε < 1, while the diagrams D0 and D2k+1 represent K0 and
K1, respectively.
• monomorphism: We can inductively construct a presentation for Q(C) by

the procedure, described on page 7. Define ribbon concordances Ci := C ∩
(S3 × [0, i+ε

2k+1 ]) and their fundamental quandles Qi := Q(Ci) for i ∈ {0, . . . , 2k}.
Notice that Q0

∼= Q(K0) and Q2k
∼= Q(C). To get a presentation of Q2i from
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Q2i−2, we extend C2i−2 to C2i by adding a 0-handle and then a 1-handle. By
lemma 3.4, the quandle homomorphism Q2i−2 ↪→ Q2i induced by inclusion is
injective. Combining these, we get

Q(K0) ∼= Q0 ↪→ Q2 ↪→ Q4 ↪→ · · · ↪→ Q2k−2 ↪→ Q2k
∼= Q(C)

and therefore Q(K0) ↪→ Q(C).
• epimorphism: We can also construct a presentation for Q(C) by looking at

the motion picture backwards, as a cobordism from K1 to K0 with critical points
of index 1 and 2. Define the fundamental quandles Q′

i := Q(C ∩ (S3 × [ i−ε
2k+1 , 1]))

for i ∈ {1, . . . , 2k + 1}. Notice that Q′
2k+1

∼= Q(K1) and Q′
1
∼= Q(C). To get a

presentation of Q′
2i from Q′

2i+1, we add a relation (attach a 1-handle). To get a
presentation of Q′

2i−1 from Q′
2i, we need do nothing (attach a 2-handle). As such,

we have a surjective quotient homomorphism Q′
2i+1 ↠ Q′

2i−1. Combining these,
we get

Q(K1) ∼= Q′
2k+1 ↠ Q′

2k−1 ↠ · · ·↠ Q′
5 ↠ Q′

3 ↠ Q′
1
∼= Q(C)

and therefore Q(K1)↠ Q(C). □

Theorem 1.2 provides, in theory, powerful obstructions to ribbon concordances
between knots based on their fundamental quandles. In practice, useful (min-
imal) presentations of fundamental quandles are often excruciatingly difficult to
obtain and work with. There are some families of knots where such present-
ations can be obtained quite easily: for example knots that can be represented
as closures of braids with two strands, which includes T(p, 2) torus knots, will
have fundamental quandles of rank two (with the sole exception of the unknot).
More generally, any knot that can be represented as a closure of a braid with q
strands will have a fundamental quandle of rank ≤ q. This includes torus knots
T(p, q) for coprime integers 1 < q < p, as they can be represented by diagrams
shown on figure 6. It is, however, difficult to show that quandle presentations
obtained from such diagrams are minimal in terms of number of generators.

It would be interesting to see how invariants defined from the fundamental
quandle of a knot, such as colouring invariants and quandle cocycle invariants,
interact with ribbon concordances. They could possibly provide more comput-
able obstructions to ribbon concordances between knots. Such is the case for
surface knots, where one can directly relate the cocycle invariants of ribbon con-
cordant surface-knots, as was shown in [CSS03]. The proof used there, however,
does not directly translate to the theory of ribbon concordances between clas-
sical knots; for a ribbon concordance from K1 to K0, a quandle colouring of K1
does not necessarily induce a quandle colouring of K0. As such, a more subtle
approach would be needed. Another possible continuation of this study would
be looking into how different quandle-like objects, such as racks, kei and bi-
quandles, behave under ribbon concordances.
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Figure 6. Diagram of T(p, q) with marked quandle generators.
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